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ABSTRACT

By given the adjacency matrix, laplacian matrix of a graph we can find the set of eigenvalues of graph in order to
discussed about the energy of graph and laplacian energy of graph. (i.e. the sum of eigenvalues of adjacency matrix and
laplacian matrix of a graph is called the energy of graph) and the laplacian energy of graph is greater or equal to zero for any
graph and is greater than zero for every connected graph with more or two vertices (i.e. the last eigenvalues of laplacian matrix
is zero), according to several theorems about the energy of graph and the laplacian energy of graph that are described in this
work; I discussed about energy of graph, laplacian energy of graph and comparing them here.
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I. INTRODUCTION Let G(n,m) be a graph with vertices set
V(G) = (v,,V,, Vs, ..., V,) then the adjacency matrix of

Let G(n,m)be a graph with vertices set
G(n,m) denoted by A:[aij] is NxnN(square

V(G) = (v,,V,,Vs,...,V,) then the laplacian matrix of

G(n, m) denoted by matrix and symmetric matrix) were
’ 1i0j
L(G)=D—A, where Dand A are degree and a, :{ ] o
adjacency matrices respectively 0 otherwise
di ifi = j Note: in this paper G(n,m) is simple and undirected
= The(i, )" entry of L(G)=4-1ifi0j and graph. _ .
. Definition 1: let Abe adjacency matrix of connected
0 otherewise graph G(n,m) with spectrum set (4, 4,, 4;,..., 4,),

L(G) is positive semi definite matrix, all eigenvalues then zn |l,|is called energy of G(n, m) (that is the
of L(G)>0 (that is L(G)does not have negative = _ .
sum of absolute value of eigenvalues of adjacency

eigenvalue, if G(Nn, M) is connected then it has one zero matrix A of G(n,m))

eigenvalue, if it has K components then it has K zero
eigenvalue) in  other word, let the set

{4, 1y, 145, ..., 11, }be the spectrum set of L(G) then
{2 py 2 py 2 pty 2 1, =0}

Definition 2: let L(G) be laplacian matrix of connected
graph G(n,m) with m edges and n vertices and set of

eigenvalues 4, fy, My, My 4, M, =0 then the
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laplacian energy of G(n,m) denoted by

LEG) =" =" 4 (that is
n 2m

LE®) = 3|1~

Theorem: let G(n,m)be any connected graph with
N> 2 vertices, then we have the following
LE(G)>6n-8 (1) where (neN)

In (1) Equality holds if only if G(n,m) is the path
P, on n vertices

If G(n, m)is connected with N> 2 vertices such that
LE(G)=6n-8, then G(n,m)must be the path P,

on N vertices.
Proof: | want to show that d, =d(v,)=1(that is

G(n,m)is a path)

By contradiction

Assume that G(n,m)is not a path P ond, >2, by
assumption V, is adjacentto V. ,and v, , € V(H)

We have LE(G)>6-14 so we can write
LE(G) > LE(G)+2d,, (v, ,)+2d,, (n—1) +10
And d, (n—2),d,(v,,)>1

= LE(g)=6n-8>6n-14+14=6n Which is
contradiction, hence d, =d(v,) cannot be other then
1 =d,=d(v,)=1and G(n,m) isapath.

Note: if H is (not necessarily) sub graph of finite graph
G(n,m) then 14:(G) > i (H) for
(i=123,...|H)

Conversely: by  notation we can  write

LE(G) = LE(F) = LE(H)+2d,_,(H)+4=6n-8

—2d_,(H)=6n-12—LE(H) <6n-12—(6n—14) =2
=d, ,(H)=1

=

LE(G)=6n-8-4-2=6n-14=6(n-1)=8

= H s apath p,,and (N—1) is the end vertex of
path :G(n,m) isapath P,.

Corollary: above theorem (laplacian energy of graph)
can help us to know whether the graph is path or not

Theorem: let G(N,m)be any graph with N vertices
(ne N), vertices degree (d,,d,,d,,...,d, ) and set of

eigenvalues (4, ty, Mgy -y My 4o M, =0), we have
LE@G)=)/(d?+d) O

Proof: by rule of vertices | can write

Zin,ui :Zindi (2)
in<j’ui’uj :Zin<jdidj _Z:<jauz (3)

Since we have a; =ay for every i < j we can write

Ziﬂ'ui’uj - ZZiq‘ﬂiﬂj - Zujdidj _Zi¢jaii
n

= Zi:&j didj _Zi:1di

There fore

LE(G) = iu? = (i 1) — Z Hift;

i#j

= (i a4yt = ) didy - Z @)
i 1

i*j i=

n n n
=Zd,-2 +Zd,- =Z(d,-2 +d)
i=1 i=1 i=1

Corollary: let G(n, m)_any graph, then LE(G) is an

even integers or zero (here zero considered as even
integers).

Lemma: let G(n,m) ber, regular graph then the
laplacian energy and energy of graph is equal (that is

LE(G) =E(G))
Proof: suppose G(n,m) is I regular graph then

2m
r —_
n
2m . I
u——=—=A_.., (1=12]3,..,n) By definition
n
2 we can write LE(G) = E(G).
Proposition:

(1) : let G(n,m) be a tree with N vertices in which
P be pendent vertices such that 2< P <n-1 then

LE(G) <E(G)+ 2P(1—%)

(2) : let G(n,m) be a unicycle graph with N vertices
in which P be pendent vertices such that0 <P <n-—3
,then LE(G) < E(G) + 2P, equality holds if and only
if P =0, Department of mathematics, south china
normal university (2010)

Proof (1): suppose G isatree on N vertices and P are
2(n—1)| _
—| =

pendent vertices then a(G) = Yuev(a) |du -
2(n—-1) 2(n—-1)
52— 1] P+ S [ 4 -]

n
u=2
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2(n—1)
n

2P(n —2)

Z d, — 2P — (n—2P) =

uev(G)
Note: ( lemma let G(n,m) a graph then

LE(G)<E(G)+a(G) (1))
By above note we can say that

LE(G)<E(G)+ 2P(l—§)

Proof (2): let G(m,n) be a unicycle graph with n
vertices in which P be pendent vertices then we can

write
€@ = ) ldp=21=P+ ) (d-2)
u€ev(G) uev(G)
dn22
= ) d-20-P)=2p
u€ev(G)

By above notation the result follows
Bound on E(G)

Theorem: let G(n,m)be a graph with N vertices and
M edges and A be the adjacency matrix of G(n,m)

then for 2Mm>n we have the upper bound below,
Li.Xueliang Shi Youngtang Gutman lvan (2012)

EG) <™+ —1[2 —2—m2]1
) =— (n—1)2m = ()% (D)
Proof: let 4, >4, >4, >....> A, be the spectrum of

G(n,m), then A4, >0 and trace A2=3", A=

2m => Y, 2 =2m— A2
Now we have

n n n
E@ =)l =a+ ) Ml <2+ [m-1)) 2
i=1 i=2 i=2

>EG)< A+ \/(n - 1)(2m-23)(1)
Now consider the function bellow

f) =x+,/(n—D2m—x),x <V2m

Foy=1+ —2x(n—1)
T 2/m-DE2m -9

s/ (2m—x?)

, xvn —
S5fX)<0e1——
V2m — x?
<xVvn-—-1
2m
e2m—x2<x*(n-1) @Tsz
Thus f is decreasing function on interval /sz <x<
v2m and we have sz <A
= sz < sz <A <vV2m , as f is decreasing

function and f(1,) < f(sz)

— E(G)< f(4) < f(sz) by (1)

EG) <y \](n ~1 [Zm - (z—m)Z]
n n

Note: equality holds if graph G(n,m)is complete
graph K, .

Proof: consider complete graph K, , it has eigenvalues
(n=1) and (-1)with multiplicities 1 and (n—1)
respectively, in K, we have

2m _n(n-1) 0

n n
By (1) and (2) we can write bellow

-1 (2

RHS = zm + J(n -1 [Zm — (Z—m)z]
n n
=n-1)
+J/@ =D -1 - (- 17
=m-1)+m-1)V1I=2n-1)@3)
LHS = E(G) = Xizql4il = (n — D + |1 + |-1| +
I-1|+...4]-1 = -1+ (n—1) = 2(n — 1)(4) (-
1 has multiplicities(N—=1)), by (3),(4) the result
follows.
Theorem: let G(n,m)be a graph in which2m<n,
then E(G)<2m(it happen when G(n,m)has
isolated vertices and it is not for generally)
Proof: in G(n,m) total degree =2mM = n-2m

vertices must be of degree zero (that is: these vertices is
isolated)
Let H be the sub graph of G(n,m)obtained by

deleting N—2m isolated vertices = H has M edges
and 2m vertices, also E(G) = E(H) (because isolated

vertices correspond to zero eigenvalue)
By above theorem we have
E(H)
2m

—2m

2m

+ \](Zm -1 [Zm - (ﬂ)Z] =1+,/2m-1)2m-1)

=2m

E(G) < E(H) < 2m = E(G) < 2m
Bound on LE(G):
Theorem: Let G(n,m)be any graph, thenLE(G) <
V2Mn, where M =m+ %Z{‘:l(di - 277")2, equality
holds if and only if G(n, m)is regular of degree zero of

consists of ¢ copies of complete graph of order K and
(K —2)« isolated vertices for (@ >1,K > 2)

emr 1 his work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International (CC BY-NC-ND 4.0)



Journal for Research in Applied Sciences
and Biotechnology

WWW.jrash.com

ISSN: 2583-4053
Volume-2 Issue-1 || February 2023 || PP. 13-17

https://doi.org/10.55544/jrash.2.1.3

Proof: consider the sum

5= > dul =l h? 2 0

i=1 j=1

n n n
=5 = ZnZﬂiz - 2(Z|ﬂi|)(Z|”i|)
i=1 i=1 j=1

= 4nM — 2LE(G) = 0
= LE(G) < V2Mn
Theorem: let G(n,m) be any graph then we have

2AM < LE(G) <+/2Mn (1) where
18 2m

M=m+=>>) (d-—),
ZiZ:l:( =)

LE(G) =2VM ) if and only if G(n,m)is K, .
the inequality holds for graph without isolated vertices,
for such graph equality (LE(G)=2M) holds if and

only if G(n, m)is regular graph of degree 1

the equality holds (

Proof: first | want to prove the left hand side of (1)

Consider y; = 1; —sz, Yi=0Yr . yE M=m+
ad =22 (2)

By (2) we have (Z1,y)?=0M>0=2M=

=23 VY = 2|2 vivi| = 2M < 23 lyvilly;| B)

By (2) we can writt LE(G)?=2M+

2%i<ilvillyi| @

By (3).(4)we can write LE(G) > 2VM

In (2) equality holds for graph G(n,m) with two

vertices, so we assume that N>3and also equality
holds if and only if there is at most one positive value

and one negative value of y; , that is y; > 0,y, = y; =
=V =0 = =< 0(5)

From (5) and condition N > 3 follows that p,_, = ==
Note: the conditions (5) are not satisfied by complete

graph with more than two vertices, for which

2m
ﬂna:niT-

If G(n, m)is not complete graph than &> u , (0 is
the minimum vertex degree of G(N,M)) on the other
words &§ > sz implies that G(n, m) is regular graph and
by lemma (1) and (2+/m < E(G)<2m,If G has no
isolated vertices, then the equality E (G ) = 2./m holds
if and only if G(n,m)is complete bipartite graph, if
G(n,m)has no isolated vertices then the equality

E(G) =2m holds if and only if G(n, m)is regular of
degree one )

Proof: now | want to proof the right side of inequality
that is given on the above theorem

Let G(n,m)be a graph with M edges and no isolated

vertices, such that N <2m

We have LE(G)<+2Mn = LE(G) <ZMn <

2ZM(2m) = 2vMm (because M >m
Mm<M)

Inequalities happened in the above reasoning change to
equalities, if G(n,m)is regular graph of degree one,

also LE(G)=2M hold for regular graph of degree
one and for all graphs M =m,n=2m cannot hold at
same time, there for equality LE (G)=2M holds only

for regular graph of degree one, lvan Guttman [2006]
Theorem: let G(n,m) be a graph of order N and M

edges and vertices degreed,,d,,d,,...,d , then

LE(G) < E(G) + 237, (d; —22) (1) where o the
T e 2m
largest positive integer is satisfying (£, =2 —)
n

Proof:  for any (1<K<n) we have
£14i(AG) = =2 Anipawhere  2,(—A(G))is
the " largest eigenvalue of (—A(G)), then we can

write iﬂi < idi _iﬂnqu
=) =) =)

By definition of energy of graph, we have

E(G) = ZupzZa —zzz

120 Also

=2max{—2/1n_1+1:1 <K

i=1
<n-1)2 —ZZAn_Hl:l <K

i=1
<n-1

From above for any Kwe can have
K K
2> 1 <2> d; +E(G
i=1 i=1
Since ois the largest positive integer satisfying (
2m
M >—) we can have

4mo Z dmo
ZZML——<2 di +E(G) ———

i=1
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Note: lemma: let G(Nn,m)be a graph of order N and
M then

4mo 4mi
LE(G) = 2s,(G) — — = max{2s;(G) — T}

From above result and lemma, the result follows, Seyed
Ahmad Mojallal [2016]
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